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6 Tlansport Across frregular Interfaces:
Fbactal Electrodes. Membranes and Catalvsts

Bernard SapouaL

6.1 Introductron

Horv rlo irregular surfaces operate? This chapter is devoted to this gener';rl
qucstion. rvhich has been revivecl by the concept of fractal geometry.

N,lnn}r natural or industrial processes take place through surfaces or acl'oss
the interfar:es betrveen two media. In this manner the roots of a tree exchang,.
rvilfer und inorganic salts rvith the earth through their surface. Oxygen in tlrr.
air is exchanged ivith bloocl hemogloirin through the surface of the pulmonllr'
alvcoli. These irre naturai processes.

In orcler for a car to start. the battery must deliver enough power to turn tlrt'
cnginc. artrl a large current is neeciecl for this purpose. In fact. the electrocherrr
ical llrocr:ss rvhich sr-rpplies the current takes place at the interface betrveen tlrt.
elt:r:tlorlc ancl the c'iecfrolvte. At this interface. the current is cleterminerl lrr'
eicrrrr:ntarl 'pln'. ic 'r l  anrl c:hernicai processes which l imit i ts clensity' .  To obtir irr
ir lrrrge t'ullr:rrt it is uer:essilr'1r 1., inct'('itsc the a.rea of the exchange surface. arr,l
i t  is for this leason that porol ls t ' lectro<les i t t 'e trseri.  A porous meclium is orr, '
rvlrit'h h:rs ir rnaxitrturn sut'firr:c trrc'a fbt'a givetr volume. We knorv that frac:l;rl
gt 'onretlv r lual i trt t ir .r. lv mcets t l t is cri tcrion (t lrc Vlr Koc:h ourve has inf init , '
k 'rrgth cvr.rr t luxrgh it  is cntirclv coutainerl rvithin a f inite surfacc [6.1-3]).

Irr this last cxitrnplc. t lur trauspot' t  of thc ttr i t teri tr ls rear:t ing in the c:lec'troh' lr,
is rhrc to t ' lcctr ic (:urlcl l t  lnrt.  i t  is l lossible to r:nvisage sinti lar processes inr.olvirrr l
rro t, l t . t ' tr i t '  chirrge. Lt ' t  rrs takc t lrt ' t 'xatrtpit '  of the irrng: in the rrpper lrr 'orrc' ir i :r l
trr lrr ' .  _rr i l  circrt l i r tcs In'rh'orlvtt ir tnir:zt l lr ' .  l l t t t  i lcvotrt l  this. in t lxr tr lvcoli .  n() ir ir '
f lon,s.  Tlr t '  t t ' i r t ts l ;ort  of  ()xyi{-( ' � l I  to r l t t 'c ' t ' l ls rv lr ic l l  col t  thc prr i tn<) l l i l rv alr '< 'r , l i .
rv lu 're t l rc gns cxcl tangc' takt 's 1>l i tcr ' .  is i r  pi tct torncnol l  of  <l i f fusion (see Sect.  l l .2).
Close to t l tc tnt 'nt l rr i r t tc.  t lu ' , rxvg<' l I  ( 'o l lc( ' l l t r i t t iou in thc uir  fhl ls as the ()x\-g(.r t

Fig .  6 .O.  Photograph o f  a  -so f t  cora l .  So lo r t ro t r  I s la r r r l s .  l r v  C i r r l  Roess lc r .  Cot r r tcsv  o f  t '
R.oesslcr
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is trapped. and it is the diffusion of oxygen molecules in air which finally brings
further molecules into contact with the membrane. Pulmonar alveoli 

"have 
an

irregular space-filling distribution [6.4-7] and fractal geometry can be used as
a guideiine.

We will show that these two probiems, the current in a battery and breath-
ing' can be solved using the same equations. The same applies to tle absorption
of a fertilizer through the roots of a plant, and other exampies suggest that na_
ture itself iras perfected these systems by giving them a fractal ge}etry: ,,The
problem of energy interchange in trees can be simplified by lonsidering the
tree as a system in which as large an area as possible must be ir'igated with
the minimun production of volume while at the same time guaranteeing the
evacuarion of absorbed energy" 16.g].

Again the same type of problem arises in heterogeneous cataiysis. Solid
catalysts are employed widely in the chemical and petroleum industries topromote man)' important chemical reactions. Porous catalysts are preferred
since they can provide an enormous surface in a very small .,rolume (up toseveral hundred square meters per gram) [6.9]. Reactants diffuse into the porous
strtrcture. reaction takes place, and the products formed diffuse back oujto the
anrl>ient fluid.

The problem of transport to and across an irregular interface is thus aprol;lem of general interest. It is of concern in studies in very different fields.
W-e clo not claim here that all irregular interfaces are indeed fractals. We first
cousicler fihe question: if the interface is fractal what do .we know about the
tr':rnsfer :r(;ross such a surface? once we have the answer to that question, we
will sec thal it is possible to understand irregular interf'aces in generul. In thepast fift*rr \reAl's rhis fiekr of research has been moving rapidrl, f6.10-60] but
ottlY rer:c'tttlv catr it bc consiclered as settlecl ancl open to applications. It could
al)l)('ar in fhe fhtrtrc that the main applications of these resuits will exist infieltls rvhic:lt are f:rl from electrochemistry itself. Toda;r, we can considcr the
foilorving fir,'r' conclusions as confirmed. and this is rvhat I am going to describe
i r r r r l  f  o  < l is r . r rss i r r  th is  chaptcr .

1' Thc fi't'clttetrcY respoltse of a fractal electrocle clepends on the electrochcm-ical leginrr..
2' II tlrO so-r:allt't-l tliffrrsion linrite<l regime. the impe<lance of ;r fractal c:lec-tto<k' ri<'1;enrls directlv on its N'Iinkorvski-Bouligancl c-lime'sio'. This willl r t '  s l ros ' r r  i r r  r i re  fb l l , tw ins.
iJ'  In t l t<'sr>t ' i t i l<'<l lr l trclt ing regirne the response of a fractal electrode generall 'exi l i l r i ts i t  t t , trtr ivial constaut Phime Angle (cPA) behavior. Tir is br:h*viorisrl irct ' t l1'reiafetl  to f l tr :  fractal hierarchy'but the response of sc.l f-trf f i 'c. a,nrlst'lt-srrrrriir. ere(:tl'o(ies a.e vcr'\, rrifferent. In partic.l'r thc,y <ro not ciepc.rclou f lrc ir irctal <l irnension in the stlrne manner.
-l' Tlic lllil('I'os('ol)ic: response of fraclal intcrfaces is not proportio'.I to t1c,

t l ttt 'roscoPir' f l ' i t ttsl lr lrt coefficicrrts ltrrt is ir 1;ou,e1-lag, f i l 'cti ' '  ' t . t,1ese oil_
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rameters. This general property may be important because it may alter
experimentai measurements of the microscopic transport parameters.

5. We will show that there is an exact correspondence between the ac and dc
electrical response of an electrode, the diffusive response of a membrane,
and the steady-state yield of a heterogeneous catalyst of the same geometry.
This is perhaps the most important result of this chapter. It unifies and
widens the scope of applications of the study of transport to and across
irregular interfaces. In particular we will see that the results can be applied
to a semi-quantitative understanding of the absorption of oxygen into the
blood in the terminal part of the respiratory apparatus of mammalians. In
that sense the blocking electrode problem can be considered as a "model

problem" offering the possibility of impedance spectroscopy measurements
on model eiectrodes. It allows for a test of the various approximations which
are necessary to understand simply the behavior of irregular interfaces. It
is a means by which to validate ideas which may have their main future
applications outside of the field of electrochemistry.

6.2 The Electrode Problern
and the Constant Phase Angle Conjecture

The problem of transfer across a fractal surface was first addressed in the study
of the impedance of batteries. It has been observed for a long time that rough or
porous electrodes do not have a simple frequencl' response even in the small-
voltage linear regime [6.61-66]. The equivalent circuit of a cell with planar
electrodes of area ,9 in principie consists of a surface capacitance C in parallel
with the Faradaic resistance R1. both being in series rvith the resistance of
thc'eiectrolyte fi"1. Figure 6.1 represents the eiectrical equivalent circuit of an
electrochc'mical cell rvith planzrr electrodes.

The Faradaic resistancc R1 is equai to (r,9-1) rvhere r is the inverse rate of
electrochemicai transfer at thc interface, for instance in a redox reaction such
AS

F e ' l - - + , ' - ,  , P " l + ( 6 . 1 )

Itt thc itbsent:c of suclt i) i)r'ocoss tltc Fara<laic resistance R1 is infinite trnrl
tltc t' lct'tt '<rrlc is saitl to l>e bLocA:ht,q <r idr:rLLlq polar"izablc. The resistance of thc
clt:t 'tt 'olvtt'.R,.1 is pt'oportic-ural t.o the t-'let:tt 'olvtc resistivitv p ant-l dcJ;en<is rrpon
t.lrt' gt'otnt'trv of tltc cell. Tlic strrfirr:c cuyritr:ifrttr<'c C : 1,,5- is 1>roportiorral to thc
sttt'fi ic'e trt't ' it. rr.ttrl to the spcr:ifir; r' itpitcilitttcc p(.r unit a.rea 1. It corresporrrls to
t,ltt ' r:ltirt 'gc itr:r:ttrtrulaliott acrr;ss the inf t'rfar:e. [n thc presence of such ir Fararlair:
t't 'actiotr it tnav itiLppen that tiiffrrsiou of tltc spc.cies in t,hc li<1uid pia,ys a role:
sttc'lt;t <::tst'is terntccl t dit't 'tLsrur: r'eqirm itntl rt1;llears at very lorv frequencics.

hr fat : t .  t l rc i t t rpedani 'c ol ' rot tgl t  ()r  l )or 'ol ls eiectroi les is generalh'  founcl to
lre of '  r l r t '  fbrrrr
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Fig' 6'1. (a) Equivaient circuit of a planar electrode in the small-voltage iinear regime. (b)
Expe|irlrental evidence fbr constant phase angle behavior obtained with metall ic contacts ona solid clectroivte: sodium B-alumina [6.12]. Reai and imaginary parts are measured as a
*::t:", 

of lrequencl'. The insert is an impedance diagram ii the complex plane; it exhibits
\-r..1 oell;Mor

2 - ( i a ) - n ,  0 , - r y < 7 , (6 .2 )
in set'ics n'itlt a ptre t'esisternce 1?..1 rvhich rr'plcsents the resistance of the elec-
trolvtr'. An examl>ic of sucir an experim<'rrtrrl l>ehavior is shown in Fig. 6.1b.
This ir<'h:n'ior is knorvn as tlte constant phase trngie or CPA behavior. b"".o,rr" u
plrrf t;;f ' -ImZ(*) vel'sus ReZ(u) in the complex plane gives a straight line with
il "coustant phase angle'' witir the r axis (as shown in the insert). Tirere is a
constatlt phase erngle between the real and the imaginarv parts. A smootn sur-
facc exhibits q: 1 (ancl a" rf 2 angle) rvhereas 4 clecreases when the roughness
of the surface increases.

Le N'I6haut6 first proPoseci consiclering a rough or porous electrode as frac-
fal. a,ttrl manv stuclies. tlte majority of them theoretical. have been devotecl
to this srrbject. These pul>lications have mainly consiclered the properties of a
blocliing <>r idczrilv polarizatrle eiectrocle. One should. Sowever. kelp in mincl
f lirrf tlrore exist othel interpt'etations of the CPA behavior which are not baseci
{)ll .g('()lIIotr}'. A suitablt', distributiol of t'elaxation pararneters on a flat surface
cit t t  Possiblv i tccoutt t  tbr CPA behavior [6.66 67].  Of course. both Sie'arcir ical
g( ' () l l l i ' r l ' \ ' i tncl  these cl istr ibut ions can occur in reai svsterns. We are interesteci
I t t ' l ' t '  ot t iv i r t  t i rc roi t '  of ' the geomc'trv beca.use i t  is appl icable to 6t6er pirenorn-
{ ' l l i r :  I r ' i l l ls l rort  aCt 'oss tnenr]rranc's att t i  heterogenr_'ous r ;ata, lvsis.

At r l r t ' l reg-. inrt i r rg oi ' r l t t :se stucl ic 's t l r t  emplrusis rvas on sea,rcSi lg oniy for a
t ' t ' l i t f iort  l r t ' t r r , ' r ' t ' t t  r l tc CP'\  ( 'x i )ol l .ent i l l t ( l  t l le frar: fal  t l i l rels i t -ru t lu.orrgl  scal i ,g

c

I

R e ( Z )

I t r r  l g a  r c t  l g ?  I o 3  r c l
FRt0UtNCY (Hz)



6 tansport Across Irregular Interfaces 2JT

arguments' We will see below that we- now have analytical results from theory
not only about exponents but also describing the response as a function of
the geometricai and physical parameters which determine the system behavior.
Although these results cannot be considered as "exact" from their derivation.
which bears on a few approximations, they are in very good agreement with nu_
merical simuiations and explain quantitatively from first principles experiments
on model electrodes.

6.3 The Diffusion rmpedance and the Measurement
of the Minkowski-Bouligand Exterior Dimension

We start with a consideration of a blocking electrocle with a very small Faradaic
transfer resistance. lVe recall that an electrochemical reaction (Farad,aic pro-
cess) mav become diffusion limiteci whenever ind,ifferent charged species (i.e..
ions rvhich' are not participating in the electrochemical reaction) are present in
the electrolyte simultaneously rvith the electroactiue participating species. If a
large concentration of indifferent charge species exists and a small potential step
is npplied. the interface capacitance will be chargecl after a very short time. be-
cause the solution is highly conductive, and the externalll, appliecl potential will
then appear directly across the interface. A large initial Faradaic current will
then florv. but this will change the concentrations of the electroactive species
in ihe vicinity' of the interface. Because the solution is highly conductive no
electric field will be left zrnd the onlv driving force bringing nerv electroactive
species to the interface will be lhe concentration graclient. through a diffusion
process. consequently. a corresponding diffusion imped,arr" opplurs in series
rvith the (small) Faradaic resistance of Fig. 6.1a.

Tlie concentr:rtion varies locall_v- from cs to co * 6c(r.t). The concentra_
ticrn profile 6c(r.f) ivill be governed l;v the cliffusion equation in the sin,soiclal
reginre (6c(r.t) :  6c(.t )" '- ' ) .rvhich for a pianar c. lectrocle is

i * ( 6 r : l r ) ) :
, l t2

rvlrc'rr: D is tite. <liffirsion t:oeffir:ient. Thc, eie,ctrocltemical current rvill lr<:

(6 .3 )

( 6  l )

rv l i t re 6c:( t  :0) is t l t t :  r 'at ' i i t t iot t  of  t 'ont ' r ,ntrat ion i r t  the surface. arrr l  ;  is thc
tttttlrl lr:r of elemcntalv t'hitrges per ion. Pln'sicaih.. fhis rnc.lns lSirt tl ic r:irur.gr.
i l i tssi t tg t l l l .ougi l  t l r t ' intet ' fhc:c r i t t r ing a c:r 'ck:  cor lespol( ls to t l r .  nrrrnS.r of
sPt 'c ies i I t  i i  con( ' t ' t r t t 'at ion r)r ' ( . r  :  ())  r :orr tainct l  in 2 "r i i f f i rs iol  lar-er."  ' f  t i t i . l r rr t ,ss
' lp  -  (D l , l l l 1 .  Th i  i t ss t tc i i t te r l  i t< i rn i t t r r t t c t ' l l ;  r ' i l n  l r t :  c :a l t : r r la re r l  6v  re l i r r i lg
f l l t ' c t l t t c : r ' t l t I ' : I t io I t  r ! r : ( . r :0 )  ro  t l r t ' l o t ' r r l  1 ;o tc r r t i i r l  6 r . t l r .  Nerns t ,  la rv  (s t ,e  fb r

,J  :  - : t 'Dt l (5c-( ' r ) )  
I  

:  ;e( i " :  D)L/26c(r  :  0) .t l t .  I " _ , ,  
- . \ . - " . /
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example [6.55] and references therein). For a planar electrode of area 5 one
finds

Yo:  S f  @l iu ) r /z i r .

The quantity f is a capacitance per unit volume; we call it the specific diffusive
capacitance [6.fS]. This relation tells us that the diffusive admittance is simply
that of tlie capacitance of the diffusive volume SAp - S(Dla)t/'. Thit can be
readily extended to fractal surfaces.

The generai form of the diffusion admittance at a fractal plectrode can be
found if we know the charge fV @D) which is containecl in the vicinity of the
fractal electrode surface up to a distance of the order of Ap - (Dla)r/2. We
then ncecl to knorv the volumeV(Ao) located rvithin a distance y'p from the
fractal surface. This is precisely what is measured by the erterior Minkowski-
Boul'igan,rl dimension (here "exterior" means exterior to the electrode).

Let us now define this dimension. Let e be a (small) positive iength. Let
I,/. denote the volume of electrolyte which lies within the distance e of the
eler;trot-le. Then

(6.5)

( o . D ,a r : J 5 ( r _ # )
This r lef irr i t ion is i l lustratecl in Fig. 6.2.

Ve

Fig. 6.2. Dcfirr i t iorr of thc exterior Xl irrko*'ski-Bouiigand <l irrterrsion. The contour of the
electrorlc is the sol i<l l i rrc. The eiectrorlc is shorvtt in gray. The corrtour is ' ' fatterret l" in the
e lec t ro lv t< r  l rv  tak i r rg  a l l  po i r r ts  a  r l i s ta t rcc  s t t ta l l c r  thar r  r  awav f ro r r r  the  c iec t rode ( thzn  l ine . ) -
f l r c  vo l r r l re  1 / .  i s  p ropor t ion l l  to  r : l - ' l l  tb r  t r r  o r r l i r r i l r v  f rac ta i  su l fhce

I t  is l inorvn thl f .  for sper; i f ic 'geott tc ' t r ies. r ly rn:n' t l i f lc ' r ' f ronr the Hrrus<lorf f
r l i tncrrsiorr  of  thc corrrnl()r ]  l routtc iut ' r ' r l f  t l t t :  e lectror le i rnr i  t ' lectroivte [6. t i8] .

Fr '<rrrr  (6. t i )  t l r t '  r ,ohi tr t t '  \ / ( :111) krcir t t '< l  rv i t l r in i r  <l ist i r rrcr '  , ' lp , r f  thc f i 'actal

virr ics i rs .1:r ! ' l r .  lx,rrr : r ,  l i i i r '  - , , , ( '1r 
- : t ) l ' ) .  

TIx '  r l i i f r rs ion i rr lnr i t tunc'c of '  t lu '  f i ' ixr tal
t ' l t ' < ' r t ' < r < l c  i s  t l u ' r r  I Y ' o l  -  f \ " ( D l " : ) t 1 ' ,  -  ' a ( t t 1 - L ) i 2 .

\1 , , r '< 'p rc t ' i sc lv .  i f  a  f l i r t ' t i r l c l t '< ' t ro< l i ,  l t i r s  r t  t t t i t c t 'os t 'op ic  s r r r f i r c : r 'S .  thc  ( 'ou tcn t

, , t  t l r c  r r t ' i g l r l r o r i r r g  r r r l r r r n t .  l ' ( - l l - , )  i s  t ' r l r r i r l  f o . J ' / / , t . 1 " , , " t .  a n < l  o n c  o l ; t a i r r . s

Y t , t  -  5 r t  1 i 2  p \ : t - ' t r ) / ' ) , '  ' l r l 1 - L \ , "  ) (6 .7 )
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Note that the response is given by a noninteger power law related to the fractal

geometry. The above discussion fails at very low frequencies where the diffusion

length may be larger than the size of the fractal electrode and reaches the size

of the electrochemical cell. (For a solution of the problem in dc conditions see

below.)
The very general reason allowing one to directly relate the ac diffusive

regime to the fractal dimension is that. due to the presence of the support

electrolyte. the volume of the electrolyte is electrically equipotential. The elec-

trochemical potential is nonuniform on a scale of the order of the diffusion

lelgt[. T[e reason for this nonuniformity is the electrical potential drop at

t[e exchange surface. Since the electrical potential is uniform. this excitation

is constant over the surface. As a consequence, the perturbation occurs only

velv close to the surface and the flux at some point on the surface is a local

r.esponse. The ionic diffusion mechanism itself ahvays takes place in the Eu-

cliclean space occupied by the electrolyte and is not perturbed by the presence

of the fractal surface. which acts only as a boundary. It is therefore not sur-

prising that this flux can be related to some dimension through a fattening
of the surface as clone in the N,Iinkowski-Bouligand approach. More generally.

the content of a Vlinkowski-Bouligand layer of thickness ,4p permits one to

rlescribe ttre intpeclance of any irregular, rough or porous. fractal or nonfractal

ilterfhce in the ciiffusive regime. These effects have been thoroughly studied

together rvith the time response (Cotrell law) of these electrodes and verified

bv numerical sinrulations and experiments [6.46.47,49-51,55].
On the other [and. if the resistance of tlie electrolyte plays a role. as in

t|c. case ciiscussecl previously of blocking electrodes, the electrolyte is no longer

equipotential unci the response is no lottger local. In that case. the admittance is

16t lelatecl to the local propertic.s of the interface as characterized by the fr:rctal

clirlension. T[is rvill be shorvn first in a specific case where the response of a

Irrrrrlcl elcctrorle can l>e c:alculateti exactiv: Lbe generalized rnodifi'ed Sierp'irt.sk'i

el,ectrptl,c. Ou1 r:alculation rvoulti illso be itpplicable to a catalyst of thc samc

gcorrtctry irs rviil lrc sltttn'n iater'

6..1 The Generalized Modified sierpinski Electrode

TI is  c iet . t ro<lc '  is  thc rneta l l ic  t : l tx : t rode'  s i rorvn in  F ig.  6.3.  I t  is  mat lc  i t r  a

r l t ' t . i 111 t i 9 r r  J ) ro ( ' oss .  I r r  t l r t ' f i l s t  s t cp .  i r  sq l l a ro  l t r t r c ' o f  s i< l c ' r t 1 ;  i s  t na< l c  i n  l h< '

t , l t ' t . f 1 t i r l t , o f  s i t i e  r r .  Then .  i r t  t ' uc l t  s t c1 t .  l y '  s t t r i r l l t : t ' I ) o r cs  o f  s i r l c  a l l / a  i t r t ' i r < l t i t ' t i

i r rorr t r r l  i r  I ) ( ) r ( '  o t ' i r  g ivcn s izc i t t t< l  so ( ) l I .  Ht ' rc t  AI  :  - l  r tnc l  r r  -  lJ .  A t ' r r tss s( ' t ' t i t l t t

e f  t l t t , t ' l t ' r . t1or l t  is  i r  r lo t l i f ic< l  Sicrp i r rs l i i  t ' i r rpct  u ' i t l t  i t  f i 'acta l  t l i t t tc t ts ior t  in  t l r t '

l r l i t t t t '  t l 1 ' . 1 , :  l n - \ ' l l r t r t .  \ \ i ' t ' t l t l s i t l t ' r  r i l t ' t : i t s t ' r v l l t ' r ' t ' :

l .  T l rg othcr  ek, r : f r 'or ic  of  t l rc  t ' icct t 'o t ' l tc t t t i t : i t i  t ' r ' l l  is  i t la t t i t r .  I t  is  verv t t t - ' i t r  t l t t '

f l i t t : t i r l  p lect ror [ 'so t l r r r t  onc ( ' i ' t l l  t t t 'g lc< ' t  t l t t ' rc 's is t i ' t t t r :c  of ' t l ie  th i r r  I t tvcr  t l f

t ' l t ' t ' t ro lv tc  l ) ( ' t tv( 'c I l  f  l tc  ts ' r l  t ' l t ' t ' t t 'or l t 's .
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Fig' 6'3' Picture of the generalized modified Sierpinski electrode in front of a'planar counterclectro<lc' The fiactal object that we consider is made uy u J".i*rt ion process. In the firststcp it square pore of side ag and depth .L is made in the eiectrode of siie a. Then. at eachstep. .v srnatler pores of side asf a and depth Lf a, are added;.;J;;;.I 'oi."gi,,,".. i"",
.nri so on' Here N : 4 and a :3' For thi. .rrodei "t""troJ", exact results can be obtainedfbr viilious electrochenricai regimes [6.b5j

2' The rnetallic voiumes are assumed to have zero resistance and the externai
sttt' ihce is coated lvith an insulating material so that we neglect conduction
tltlougit this surf'ace.

jJ' Tlrt' bottom of c':rch pore is insulating. All the pores are linked in parallel
i t t t<i  t l tc ; t t l r t r i t tance is sirnplv the sum of the admittances of al l  the pores.

'1. Tlle lengths of tlte pores also scaie (either as the side of the pores or
tlifft 'r 'cntlv). Ht'nce. the largest pore iras a length tr. the next pores have
ir lc'rrgtlt Lf tt. antl so ()n. For example. thinner pores can be shorter than
t ir ickcr I)ores.

This t ' lct ' r lor lo tc l l l . r 'has a sel f-af f ine geometry (see Chap. T).  I t  has an inf ini te
stt t ' f l t t ' t ' ; tLci t  i t r t ' l t t t l t '< l  i t r  i r  f i t t i te volurne. I ts exter ior Minkorvski-Boul igancl c l i -
l lx 'nsi() l r  c irrr  l rc cirs i lv t :al t : rr la. tccl  i rs we norv shorv. We have ly ' 'pores ol length
Ltr-"  rrrrr l  r . , f  s i rkr i r1,r ,r , -" .  The fact that the eiectrocle occupies a f in i te volume
ir l r l ; l i t 's  - \ ' '1 rv2. T<r t 'a ic: t t lafe the r l i rnc.nsion. rve choose a smal l  posi t ive length
e ;ttttl st'Pitli itc titr' 1lot'c's tvith sirles smaller anc-l greater tha' e. For this rve fincl
t l t t 'ot ' t l t ' r  of  t lct ' iut i t t iou v of t l te pore sic lc e. Tire quant i t ies c a.nci  z are relatecl
Ix '

( \ - u -  1 c 1 y  (  € 1 2  <  L \ - ' a g .

u - l

- \ r " , r f  I ( r r l ( r , ) - "  +  - re  
!  rV ' , r21; I (ccr . ) - ' ,
t t : 1 )

(6 .8 )
\ \ i '  t l r t ' u  har t

lc

\-
/-

- f l t c t ' r ' i l r ( ' f \11)  
l loss i l r i l i t i t ' s .  F i rs t  . \ '  >  r l r ! - .  T l r t 'n  the 'seco ' r i  t c . r . r r r  i s , f  t l r .(  ) r ' ( i ( ' r '  " f  t t t i rg t t i l  t t t l t '  , r f '  t  t \ t "  u11 L( r r , r  r ) - "  .  a r r< i  f  i r t  f i l s t  le r ' t  i s  e r l r r i r . i r i . l l t  fo

- \ ' " r r u 1 - { , t l , t . ) - ' ' .  R t ' t t t t ' t t t l r t ' r ' i r r g  ( 6 . E ) .  z  i s  o f ' r r r l t ' r ' o f  i n ( r r 1 ; / r ) / i l r r  i r r r r l  * . e  g . t
I  ,  -  ,  t ,  i t r l ' \ ' 1 . . 1 , '  l t r  ' r .  i r n r l  t i . o r t r  ( 6 . t 1  )

(6 .e)
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t z -
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(6.10)

Note that i f .  a" - 1, al l  the pores have the same depth and dy: 1*tnlf/ lnc.
In the case where N I aar, the dimension is 2. As a result of the simple geom-
etry, several electrochemical regimes have been calculated for the generalized
modified Sierpinski electrode [6.55].

We show now that the generalized modified Sierpinski electrode exhibits
CPA response in the blocking regime. but the CpA exponent is not a func-
tion of the fractal dimension. The pores are branched in paraliel and the total
admittance is simpiy the sum of the admittance of the individual pores,

r: I NnY,,.
n 2 o

In a first approximation. a singie pore can be considered as a resistance -R' in
series rvith a capacitanc€ Cn, if one neglects propagation effects. The quantities
8,, and Cn are the resistance and the surface capacitance of a pore of order n.
Tlrese pores have a lengtir Ll@")" and a side as/a'. Hence:

Rn :  p(L I  a?) (o; '  o ' " ) (6 .12 )

ancl

There are N" suclr
easil3' verified that
pores with R.,"C.,"t't
such thnt [6.55]

or

t L \ a  )  
-

ln(as l4p1u L2)
tn(a I a|)

For tltc'se pores thc resistive anci capacitive admittances ilre equal ancl the
at lrrr i t tan<:e is t l ren of the orcler of

ly l  -  N"(-)  R,, , . (o)  -  @3lpD(t1yf  4^1pL2)- , t r r ,  (6.16)
'"vith

l n N + l n o . - 2 i n r r' r r : -'  z l na .  -  l n r r

Ht'ttcc tltcrc' exists a CPA resi)ollso but thc exponent 4 is not 1 functign ef tht,
f l i rcrtal  <l i t t tet ts iotr  (6.10) of t l te intcrface. This <ronst i tutes an erat: t  resrr l t .  f t r
t l r t f  vt ' t ' t 's1tt 'c: izr i  ge<lt t tctrv there is no r l i r r :ct  relat ion betrveen the r l i rnension anrl
r l t t '1; ; l t i rse attgle.  N<itr :  t l tut  the f \urct ion (6.16) is a nontr iv ial  f iurr : t ion ct f  1111. 1t.^ ' .  f  .  i rnt l  ' ; .  Tlr t '  i t<hrt i t t ; tuc'e is t lot t t i t tatcr l  lx '  the n(;)  J)orcs of cha, lactcr ist i r :
l ) ' r ' r l t t c t tc ' r ' * ' ; t t r t l  t lu 'e t t t ' r - - f  i s  r l i ss i l ; : r te r l  in  these par t i cu i i l r  pores .  On suc ' l r
t r i rctal  i r r tcr ihr: t .s t l r r '  pou'er r l issipir t ion is rronuni lbrnt.

I i t ' t l t lat t t  i t t t t l  Ti tkctrorrt i  f6. ; t1]  I tavc stur l icr l  t i rc i ) 'er luerrcv resl)ons{,  gf  1trv6-
t l i t t t t ' t ts iotr i r l  I i t , t ' l r  t ' let ' t t 'or le nr ir t lc of  i rnocl izcr l  i r i r rrrr inunr.  That,  is a casc. rv lr t : re

6 Tbansport Across Irreguiar Interfaces

,  i , l n N - I n u "
*r : - -.i- ------.

-  
l n d

Cn :  41@61 a")Q l "? .  (6 .13)

circuits in parallei for each stage of decimation. It can be
at a given frequency r,,' the admittance is dominated by the
: 1, that is. those for which the order of decimation is n(c,,,)

4p^1(L2 I a1,)(o I "2)"(') - ",-r

( 6 . 1 1 )

(6 .14 )

(6 .15 )

( o . I  /  , /
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Fig' 6'a'  E'xperiniental rnap of the ac electr ic potential for two cl i f ferent f iequencies in af iactai electrochemical cel l . . f ter Keddarn and rakenouti  [6.31,74J. The potentiai is 1on thebottoru horizo'tal l ine. Equipotential l i rres are shown for iOkHz in the left  part and for lHzin the r ight part '  The electrode is made of an oxidized aluminum profi le ,rr. i  i ,  blocking inthe Nazso-r soiut ion rvltere the tneasureme't is made. one observes a stronger penetrat ionof t i re ac potential in the s-tructure at lower frequencies. This is related to the higher valueof t i le surface capacit ive imperiance at low frecluencies. These nraps indicate qual i tat ivelythat the r l i f ferent parts of a fractal obJect , io noi plav the ,ar* .oiu in the blocking reginre
[6'f j0'83.s4..36i.  This t trust be contrastct l  with ihe dif fusive r"girr. .  response that we havestttr l ie<i irbovc ^rtr l  rvl tcrc thc active zorre is evcnlv cl istr ibuteion the surface as shown inF ig .  t i .2

f  l t t '  e le<'rror le is rr :al iv i r  . , I ;krrrking' '  r : l t , r . t ro<k,.  Thev have stucl ied the potent ial
t l ist t ' i l l r r t i ' t r  in t l t r t t  <;ast '  .ncl  h*vr:  r lenronsrlatecl  that the equipoteni ial  l ines
in f ho t'let'tt 'ol1'te petrt'tlate thc fra.r:tal ob.ject in a nonupiform manner wlich
r iepertr ls on the freqrrc:ncr ' .  This is shown in Fig. 6.4.

Tlrt' irltl iL rlf ' tr tttltlttniform rolc of the fractal surfacc rvas inclepenrlentlv
<i is.rrsst ' r l  l r -r ,  \ \ ' i r r rg [6. i i0 i  rrrrr l  rv i l l  l rc r l isc*sserl  l>c, lorv.

6.5 A General Formulation of Lapracian Tbansfer
Across frregular Surfaces

\ \ i '  r l t 'st  l ' i l ) ( '  I l t ) \ \ '  ; r  s i t t tJt l t '  wr l '  to <:rrrsi<l t , r '  i r . r l  fo courl) l r te t1c inrperlance ofi t t t 'gt t l r t t ' i r r tct ' fh<'r 's t ts i t tg a si tnPlt :  i r , rr<l  gerrt ' r 'n l  ̂rgurnerrt  [o.og].  I t ' ,4r l r i i . , ,  tn; r t tY  i r t ' t ' g t t l i t r  e lc t ' r t ' o< l t ' i t t t< l  i t t  p i r r r i r : r r lu r  to  s< . l f -s i r r i i l , r r  t ' i c ,c t r .o r lcs .  I '  r r<k i i t iouir  Pt ' t ' t t t i ts t ts tO ( () l l l l ) l l t ( '  fhc rcspons<' t i '< lrrr  f  l rc gt 'or lctrr-  r l f  t5c, i ' terf i rc.r .  , rr l \ , .

. ,  . : ' 1 , : .1 : ' , . : ' l e t t l t - r t  
l t t ' tn i t ' i r l  t  c l l  t i x r  IX) r ( ' ru i l l r l r . r ' s  r l r r .L i r l> lace  equ i i r ion  [6 . i0 .71 ] .t  l l ( '  l l l ( ' l  l t . t l  i s  f  ,  s t t l r s f  i l t t t r '  f  l r r '  p ro l r l t ' rn  , f  L r r l r l i r t . i i r r r  f  r . i r r rs f ' c l .  i x r ross  t l r t :  rc i r l
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Vs ( or cr)
Fig' 6'5' Electrochenrical cell rvith a self-sirnilar electrode. The irreguiar electrode of interest(the rvorking electrode in electrochemistrv) has an i.rnu, .ut-on (. and s\zeor diameter .L. Thearrorv indicates the orietrtation of the noimai. This chapte, a"rt, with the electrochemicalproblern in which the appliecl voltage is I/6 on the pianar countu,. electrode and 0 on theworking electrode. An equivalent diffusion problem exists in-which a pianar source of diffu-siotr is maintained trt a constant concentration c6 anci particles ctiffuse torvards an irreguiarrncrnbrane with finite permeabil itv W

eit:ctt 'oclc (rvhiclt presents tr f inite transfer rate) by a problem of a Laplacian fielcl
obr:-r'ing the Diricirlet boundary condition (V :0) but with a diffeient geome-
trr'. obtained bv cotlrse graining. The coarse-graining scale is directly relateri to
f lte transport coefficients of l>oth the electrolyte and the electrode. Using gen-
crltl properties of Dirichlet-L:rplace fields one finds an effective screening factor
rvhiclt givr:s the sizc of the zone being really active on the initial geomeiy. anci
heuce i ts ar lmit tance.

T(l cair:ulate llte response of an electrochenrical cell with an irreguiir.r elec-
trrrr ie.  t rs in Fig. 6.5. otr t :  l tas to solve lhe Ltrplace equat ion (dV :0) which
g-()vel 'ns t l tc '  c ' ioctt ' i r ;  potent ial  <l istr ibut ion in fhe electrolyte with tr  boundar '
t:onditiotl that reflct'ts the cler;troclrr:rnical l)r'ocess rrt tle rvorking surface. TSis
sttrface possesses a fiuite adntittattce anrl ivirat is knorvn about ihe properties
trt' Lirlrlitcizrn ficlrls on surfirccs rvithout inrpeclance (rvitir V : U cannot be trp-
1; l i i '< l  t l i l t '<: t l r ' .  This is utt fot ' tunate sinr;e t l r t '  Di l ic i i let-Laplace problenr on .n
irrcgtt ia l ' t ' let : t ro<le l t r ts becn lht i rorrghlv stur l iet l .  ert  least in d:2. VI,r .  s ireci f-
iCir l lY att  i r t tport i t t t t  t l tet>rt ' t t t .  r \ lakarox, 's t l r r ' -orenr.  r lescr ibing the propert ies , f
t l t t '  t : l targc <l istr ibrt t iot t  ot t  i tn i rr<:gular (possiblv fractal)  el" . t roi"  capacit . rr
t ' i r t t  l ;e i rPPl i t :<l  16.72].  This t lx 'olel l l  staf( .s that t5e inform:rt i .n cl i rncnsio., f
f l i0 l tar l r tot l i t :  tnt ' r ' rs iu 'e ( frrr  instarrr ;c fhc t ' le<:trosfat ic charge for r5e capur: i tor
t ' i t se)  o t r  i r  s i t lg lv  co t t t te r : te< i  ob j r '< ' t  in  r / : ' )  i s  exacr lv  c 'quu l - io  1 .  T1 is . . " .y .p" -
t ' i : r l  Pro i r t ' r t v  o f  fhc  LaPlac ia r r  f i c i r l  can  l rc  i l l r rs r ra tc r l  in  thc  tb l lo rv i r rg , r ru r . r r " r ,
$ ' l t i t tOt ' c ' r  r l t t ' s l t i r l> t 'o f  i t t t  t ' ap ; tc i to t ' t ' l t ' r ' t ro< lc .  l [e  s ize  9 f  t l1 ,  reg io '  rv l r t : re ,  t5e
t ' l l i t rg - r ' r t cc t t l t t t l i i t t cs  i s  p ropor t i< - r t t i t l  fo  t l r t ' o r tu t l l  s ize  ( r t r . r l i : r . r r : re r )  |  r t f  t i re
( ' l ( ' ( ' r l ' o ( l ( '  r r r r< l t ' r '  i r  r l i l t r t io r r  f rans for . r r r i r t io l r .
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. 
This resuit generalizes, to an arbitrary geometry, a fact which has beenknown for a long time for simpre geometries. It has a profound meaning interms of the screening efficiency of the irregularity and this is what we use. Forthis' we consider the simplest description of an irregular surface: the length ofthe perimeter L, divided by its size or diameter r fa.ist.

S : Lp/L. (6.18)
This number s has a direct significance: it measures the screening efficiencyof thc irregularitv for Dirichlet-Laplacian fields: If rvhatever the geornetry theitctivr: zone has a size tr. then as

L : Lp/S

V / V  , V  :  , 1  r v i t i r  A  :  r l p . *

(6 .1e)
the factor lf s can be considered to be the "screening 

effciency,, due to thegeometrical irregularity. This is the physical significance of Makarov,s theorem.
{N,tr: that when rve discuss fractal lines we coisider only physical objects witha finire inner cut-off I so that .g is always finite.)

The above result cannot be appliect directly to the screening of the cur-rettt in an electrochemicai cell because the bounclan' condition on the elec-trorle is uot v : 0. In the simplest linear regime. a 'lflat', element of an elec-trocie surface rvith unit area beltaves as a resistor r across a capacitance ̂ 1.
Thc Faradaic resistor r describes the finite rate of the electrochemical reac-tion if lhe interface is not blocking. Due to charge conservation, the current
Jl :  -V (,.-t  + i1r) crossing the eie<:trorl.  srrrface rnust be equal to the Ohmicerrlr('nt j , : -V aV/p reaching it fronr t irt' lmlk (p being the electrolyte resis-t iv i rv) -  As; r  r :o t tsr ) ( l t lcnc(- ' thc < lc  l rount l i r r r ' , . ,ur r l i t ion cau be rvr i t ten as

(6.20)
This l ;ortnr lan'  t :otrr l i t i t>n f  lx ' rr  int lor luces a pln's icai  lengtS scale .z l  in theprolrlt:tlt ' TItc pr'ccclur. tirat rvc rlesc'ribo now is lo switch from rhe real geome-tr-r' ,l leYing rhe reill l iottn<litt 'r ' corr<litir>n to ir coilrse-grained geometry o6eyingt lr .  Dir ichlet bottn<In.1- .u, t , l i t i ,n.  rv i t i r  the co:rrse- iraining clepencl ing on A.I t t  fhaf '  new geol l tet l ' t 'w( 'u ' i l l  i rppl .r ,  eqrrar ion (6. i6) to obtain thc effcct ivescrcerr ing. ht :rr .e thc size , f  t l r t :  rvr l r l<ing zonc ' f  the real eleetrocle.

T<r l r t ' tnore sl leCif i r :  l r*  r lc 'scr i l r< ' this i rrr i r ivsis ibr rhe si tuat ion of i rn. ler: t ror leirr  rr  l r l i rn: tr  t l  :  2 r :eir  as rer)r .( .s(,nt t , t r  i r r  Fig. 6.5. c.usirrer , ,  p; ; ;  j  , r f  t rrcs t t t f i t< ' t 'w i r l t  l r  1>r ' l ' i t t t t ' r c t '1 t : t rq t i t  L r , . , .  I f  r i x ' th ichr rcss . f  t i r t ,  < :e l l  i s  b .  t l i s  sur . fa r : .
l ) ( ) s s ( ' s s ( ' s i t t t ; t < l t t t i f t i u t t ' t ' l ;  - 1 t L 1 , . , / r . T I x , r r t l r r r i r t i r r t c c r o i r ( , c e s . s r f r , , r , , a n , , " r r , r f
t r t ' < l t ' t ' 1 1 , . , :  l t f  l t b e < ' i r t t s c i t t r l : 2 t l r c i l ( l l u i t t : l r l ( . r ' o f  i r s ( l l i r r ( , , f r . i r . r , t r r i i t , t . r v i t l r
r l t i < l i t t < ' s s / , ' i s . r l t t : r l  r c t l t f  1 t  r ' l r i r r . r ' r ' r ' i t s s i z e .  D r ' p e . < l i r r g , , , , i i r , , r i r r l , ; i ; ; ; , , ' r t , g i r r r
r  f  l t t ' t ' t ' ( ' x i s rs  t * ' .  s i r r r i r r i r . , . s :  Y ,  (  ) ' . , , , .  , l r . ) i  )  X , , , . .  i f  [ , , , . ,  i ss l r r i r l l .  l r ,  {  y , , r , .
; l t t t l  l  l t t ' ( ' l l l ' I ' ( ' l I t  i s  l i r r r i r . t l  l ^ '  t l r c  s r r r t i r . r '  , ,< ln r i t t , r r r , j r , .  ( ) r r  f  l r .  r , . r r t r : r r '  i f  L r , . ,  i ,l i t t g t ' r ' t t . r r g l r  * ' r . h i r ' r ' ) ;  >  ) ; , , ,  i r r r t l  r l r r , ( . r r r r ( . r r r  i ,  t i , , , l r , l , i  i ; , ' ,  ; i , ; :  , . " . . , , r , , . I , , , . , , r , ,i l (  (  ( ' ss  t l t t '  : t t r t i t t ' t ' .  B t t r  i t t  r l t t '  l ; t t t t ' r  s i t ru r t i , r r  \ \ ' ( ,  iu . ( , .  i t t  i r  f i r s t  i r J lp r ,x i t r t i r f  i ' t t .

* The leneth A is^equivarent to the renght,t._ defined by carr wagner, J.
Piectroche[r. S-oc,,-la,-i1q.libiil.'b"" urio-i].p. d;; and J. N. Aeai. Disc.Faraday soc., 1, ry? e?!7)'and C. k"rt;;; r;";;.-ii;;"";il;.'i#.liz, ls:(19a0); 78, r3r (1940:812, i ' j egqZ)
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back to the case of a pure Laplacian field with the boundary condition I/ : 0.
The idea then is to coarse-grain the real geometry to a scaie Lt : L"g such that
the perimeler Lp,re in a region of size (diameter) Lrn is given by the critical
condition Yi : Yu.. ot

L ^ . ^  :  A .

A coarse-grained site is then a region with a perimeter equal to A: rlp.
Because of its definition, such a region can be considered as acting uniformity.
At the same time. in the new coarse-grained geometry we are deaiing with a
prrre Dirichlet Laplacian field and we can then use the screening factor llS.s
of this object to find its effective active surface. Note that if we did the coarse-
graining to a scale iarger than L.n it would no longer be correct to consider a
uniform distribution of the current within a macrosite and that consequently
rve rvould not be able to find the size of the active zone.If A/o is the number of
yardsticks of length ,L., needed to measure the perimeter of the electrode. the
number S of the coarse-grained object is simply

S " s :  N r l N , (6.22)

rvirere N : LlL.o is lhe number of yardsticks needed to measure the size (or
diameter) of the electrocle. The quantity 7lS,.n is'the effective fraction of the
surface which is active and the admittance of the electrode will simply be given
b1'

Y (r) : Yr(r) f S,n, (6.23)

rvlrere Yr(r) would be the surface admittance of a "stretched" electrode with a
length Ln.In this frame the number S.n of the coarse-grained object determines
dirc'ctly horv the admittance of the total surface is reduced by the screening
effects. If rve consider a self-similal electrode with an inner cut-off I and a
h'actal rlirnension rJl there exists a simple relation bet'lveen the size 1., of the
coal'se-gririnirrg atttl the length of the perimeter:

A : ( . (L, ,gl( , ) '11 (6.24)

Usirrg (6.2I-24) onc obtains for the atlrnittance of a self-similar electrode of
nliicloscopic size ,L zrnd thickness 6 the value

Y  :  L I t ( t f t 1 ( r - ' L t ) / t L 1  , ' - r / d 1 (6 .25 )

Tixr genelal  (norrblocking) ac: r 'espol lse is obtained by subst i tut ing r  bv
t  - t  \ - l( / '  ' + ) ^ i a )

(6 .21)

(6 .25a  )Y ( , , : )  :  Lb( {  p ) ( r - r t  1 )  / t t  1  ( , ' - t  +  i ^1 . , : )L / ' t  r

For  l rk r t ' l i i t tg  t ' l t ' t : t ro t l cs  r i ' i t l t  / ' - I  :0  rvc  l t i l ve

i " ( - ' )  :  Lb (  (  1 t ) ( t - ' t  1  )  / r t  1  ( . j ^ i r ) r  / ' t  t (6 .26 )
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The dc form of this result has been verified
the ac form has been verified by experiments on
in detail in reference lA.Z+1.

At verv low frequency. where the size of the coarse-grained site is larger
than the diameter of the system, the admittance is limited by the capacitance
of lhe total surface and

Y(a) :Yr(r)  :  (b(Llqdt g^1u): (6.27)

The high-frequency fractal regime and the low-frequen.y .upulitive regime
meet at :r, cross-over frequency u. where the size of the coarse-graining is the
sizr-' or diameter r of the electrode itself. For a blocking erectroclJ A : (i1a)-r
ttnrl (6.24) gives for rhis crossover

by numerical simulation and
model electrodes as described

a. :  (p^1()-t  {r  1 21-0, (6 .28)

The above simple arguments are general and permit. as rve shorv below.
tlte computation of the response of irregular elecirodes even for nonscaling
geomr:tt'ies. First we shorv how this method can be useci from the image of the
eler:trorle. All we neec,l is to have a "flexibie" measuring rod of length ,l : r I p(or l '4(c")l :  Llpl, for blocking electrodes) that we use to measure the length
of thc perimeter from one end to the other. To perform this task we need a
mtmirer l/, nf flexible ro<ls' Note that here. we clo not measure the irregular
ob.lcc:t ivith a rigid varcisticli as usuailv consiclerecl in measuring iractals. On
the c:ontrarl', starting at one end of the irrcgular object. we map the object with
tire flr'xible rocl of length ,1 ancl the rlistance in real space betlveen the ends of
this rotl rletermines a distance f 1. Tliis lcrrqth is a ,,local yarclstick" associateci
rvith ,'1 itncl tlte local geometrv. Therr n'r. placc a seconci flexibie 1od of length
.zl frorn tite c'nd of the first rod anrl finrl ;L llew yarcistick length L2 ancJ. so on.
The total number of .rocls (of length ,1) ncecleci to map trre oulect is ,Vo an4
tll<' ttttttll;er .9 ,rf the r:oalse-graine'rl r:k ctrode is Nr/l/ rvirere lV is the number
of l,'arrlsticks ivltic:lt tlle:lsttl'e tlu; size. The real electrocle has . perirneter ly'o.l
i tnr l  i t  to ta l  a<lmi t ta t . ]ce Yr( r ) :  Np; l l t l r  =  Noblp.  Diy ic l i lg  bv.g rm in  (6.23)
w<. f i r rc l

Y : iriblp. (6 .2e )
\ \ i '  t l ren t lbtain t l tart  thc rnorl t thrs of fhe admittance of an i rregnlar electrocle
in r /  :  2 is s implr '  fhe sqt larc ar lnr i t tance bf p mult ipl iecl  ix '  ihc nunrberr of
var i ist ic i is ueerlet l  fo mc' i ls lu 'e t l tc s ize (or i l iarneter) |  of  the c, lectror ic.  This
sl t t i t t 's t l tat  deter lr t i l t ist ic i r t t r l  rau<lorn f iactals . ,v i t i r  the same inner ' ' r l  outer
( ' l l t -of fs i r t t r l  the si t rne f iar: tal  t l iutct ts ion l rave the sarrre response. T5e re.son
is  t t r t l v  t l iY ia i  l t c t :a t tse  rv l t i i t  re i r l l . r ' rn i r t t c rs  i s  t l r r :  to ta i  number , f  u rac ; ros i tcs .
n' l t i t f t ' r ' r ' r  rhcir  in<l iv i t lual  s ize. rv lr ic l l  r r l i lv be r l istr ibrr tc ' r l  over sornc range of
s izcs .

-  
\ \ i '  t to[ '  i r i rPlY t i r is rnet l roci  fo nonscir l ing geornctr ies us siu;g,1 in Fig. 6.6.

T l r t '  t l< '  r r< ln r i t t i rncc  , i  r l re  1 ; r , r . in re tc r  s r r r f t rc :e  i s  r ro rv  \ r , ,  :  (N l ,  +  , \ r i , , )b , , l f r ]  , v i t l r
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Fig' 6'6' Example of an electrode rvith a.nonscaling geometry. This eiectrode is buiid by theassociatiou of a pianar electrode of length .L' with ;:; l f*; l i"r electrode of iength z//

N', : Lt lLLn.yc! N'r' 
.: 

(L" /L':)or. To obtain the admittance of this electroderve have to divide rhis value U;, S of the entire electrode. The macrosites donot have the same size if they correspond to the pranar part, for which theyardstick is simply L'"s : A. or if they corresponds ti ttr" fractal part for which
the yarclst ick is given,tty L'Jn: [U/Or/dt f tom (6.24). The total numberof 1'ardsticks on the object ii norv Np : Ni + Nj), whereas the number ofvardsticks needed to measure the size l, N :'tr/, +'N,,.rv.ith ly', : L,/L,.g and.Y": L"/L' ln. Appl ' ing (6.23) rvith,g : (N,r+ N;;511w,+ N,,) one f incls forthe acinrit tance Y : (N, + lr l , ,)b/p "l  y = L,bl; '* L,,b((p)(t-d.r)/drr_L/dr,
which is the surn of the 'clmittances of the trvo electrodes in parallei.

This generar argument then restores the essential property of Laplaciantr';ltrsfer: the admittance of two electrodes in parallel is the sum of the individualturhnirrances. This incricates that this.method i, gerr"rut. The ac response ofl>locking electrodes is obtaineci by,replacing r by Tiirl-r. Note that we havertserl f he number .v of y'ardsticks neeclecl to -"*ri"'the total size as equal tothe sttnr ly'' + ly'" of the number of yarclsticks needld to measure the sizes ofthe r*'o rliff'ere't parrs. If rve lvisrr to use equation (6.2g) we have to use ana\'('r'irge .r'arrlstick (I,,g) rlcfined b-v tl,(!.!) : f,lL,.'g + L,,1f,;n. Ile-a"eragevarclstir;li (r..r) rnrrst r>r' ,rrt.incri rrv this hu.-orri. #"o.r.
In tirc kttorvu ('ases ()t self-trffirrc' elcctrorles. such o, trr" Cantor bar electrocie

io":l-+ol ot' tlte Sicrpinski electlorir: studiecl above, tire pores Save differentasr)('('r ratios. For this (:ase a. coilrse-grainr:cl pore can be ,tiil .l"firr"a rrl, 4 :) ' , , , , '  l r t t f  trr i t  lrv L1,., 's:,1. As explaincrl a. l l<;r,e in asomervhert cl i f fere't  la.guagetirt '  i t trJl<'<l i l l l ( 'e C:lI l  l re ibrrn<l f i 'oni thc totai surface of these coarse-grai 'ecl p'res.NIriCll  i tr0 l t i l  i tcccssi lr l t '  rrt  thr: si-ul le t inre t lue to thr: part icular geonrc,t 'r . .
\ \ i '  r lr t ' rr hitY. slt t tn't t  i t ,n'  lo f i tr<1. ft 'onr f irst pr. inci ' les. t5e 'c,s1r.rs. rf . irt to t ts . i t l i t tg  i r rcgt t l i r t '  r l l l . ie . f  .  APir r t  f i 'orn t l r t '  inr i rgc.  1 l l  tSat  is  neer l . r l  i r r .e  f 'cv i t l t t t ' s  o f ' f l t t ' t t t i c l ' os t ' oP i ( ' f l i r us l ) ( ) r ' t  t ' oc f f i c ' i c . n t s  (1c re .  f b r  i ns t . , r : e .  t 1e  c , * . t : -t t oh ' r0  r ' t ' s i s t iY i tY  r r t t t l  f l r t ' F i r r a< l i r i c  r cs i s tance ) .  T l i c  sa rnc  u r . t l ' r l  r v i l l  i r l r ' l '  t of l t t ' r ' r l t t i r ' ; r l t ' t t f  l l t o l r l t ' t t i  o i ' f l t t ' s t t ' i r < l r ' - s t ; r t c  t l i f f r i s iOn  fa r ( , t ow ;u , r i s  i r n  i r r egu l ; r r .

r r r t ' . i l r ' i r . t ' r v i r i r  f i r r i t c  p . r r ' r ' i r l r i l i r r . i l ' , , ,  i r r < l i r . i r t e r l  l i e k ; r v .
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The simplicity of this method probably makes it a good candidate for the
study of the response of irregular electrodes in the nonlinear regime where
the local current across the electrode is related to the locai voltage by a non
nonlinear relation j = f (V) [6.47,G9,Tbl.

Tlre case of self-similar electrodes with 2 < dt < 3 (in d _ 3) has been
trezrted by an equivalent circuit method in [6.74] and gives, respectively, for the
high-frequency fractal and low-frequency capacitive regime

Y (u)  :  L2 l lp l tar  
-2)  /  (L-dt )  ( j1w)r /  @r : r ) ,

and
Y(u):  {2g1qar Uw).

Tire crossover frequenc)' cdc is now

u. : (p-y()-, tr lqr-{,
Ntlte that in this case the crossover frequency occurs when the perimeter

of a cut of the fractal surface by a plane is equal to the length ,4. fhese the-
oretical predictions allow us to explain quantitatively the hfuh-frequency and
lorv-frequency response of the electrode shown in Fig. 6.7 [6.16,77].

Wt have presented here a simple approach based on first principles. These
results have been verified by the existing numerical simulations in d : 2 and
permit us to understand quantitativeiy the experimental results in d : 2 and
rJ:3. A different *nd more complex approach has been proposed in [6.7g_g2].These more cletailed studies present slightly different values ior the ""porr"rr, ,7
= 7(2)./dy using a correlation exponentt(2) slightly < than 1. In this situaiion. one
shorrltl consider that the above results (6.25-28) and (6.30-32) allow us to grasp
the essential features of that question.

Atrother signiiicant result from the equivalent circuit approach of [6.Ta]ancl fi'om [6.83.84.86] is the notion of information fractal and of active zones.
Tlte active-zone studies'give a clirect insight on the localization of the regions
wirir;h trre effectivelv working and those rvhich are passive for given physicai
r:otrrlitious. This is tr iirrthe'r step in fhe detailed understanding oihow irregular
interfilces operate in the linear regime. This notion could be oigr"at help in the
uurlerstancling of ltorv irreguiar interfaces operate in a nonlinear regime 16.6gj.The above discussion about screening indicates that if one considers seif-
affine electrodes in the case rvhere the aspect ratio of the groves is smaller than
I there is no effect and no CPA. The experiments of Bates, Chu. and Stribling
[6'13] are. from this point of vierv. experiments on seif-affine electrocles with
snrall aspect ratios. From the discussion about ^9 numbers in that case, the
respollse shouid be capacitive. This is rvhy they do not obtain anv relation
bet$'r'en fractal rlimensions and the cpA exponents. In their .ur""rrr" cp.4
urln' l;t rlue to microscopic effects.

Itr t lr is t  l l i t l>for rvc l tave ;rsstturcrl that rro <lc l lolariza[ion currelt is f l . ,rvi1g
itt  t lr t 'svsr( ' lr ] .  t ' l r icl t  is iar f t-ortr l teitrg r irc r:a^se irt  verv manv practictr l  slec-

(6.30)

(6 .3 i )

(6 .32)
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Fig .6 .7 .  \ \ i ro t l ' s  t t re ta l  ran t i f i c< l  e lec t ro r lc^  T I r i s  ob jec t  i s  approx i rna te ly  f )  cm l r igh  a1< l  I r l s
i t s  s t t t : r l l cs t  l t r ; r t rc i r i t rg  i t r  the  ra r rge  o f  20pr r r .  I t  i s  a  rne ta l l i c  n rou ld ing  o f  the  penet ra t io l  sp4cc
( ) t  \ l ' ; r te r  i r r i t ' c tc< l  i t r to  p las tc r  anr l  * 'as  o l r t ; r i t te r l  l x 'G.  D: rccor r i  anr l  R .  Ler ro rmand i6 .771 .  11  ; r
l r lock i r r , : ,  : i t t t i r t io t t  t l r c  ; r t lu r i t ta r rcc  t ; f  t l l i s  ( r l cc t ro ( le  approx i r r ra tc l r '  , rb t : r ' s  re l l t io ls  f  O. ; l t )  - : t : t
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trochemical situations. The presence of a dc polarization current would make
the (potential-dependent) Faradaic admittance vary from one point of the in-
terface to another. This would complicate the problem considerabiy, and most
probabll' tfue results would be affected.

6.6 Electrodes, Roots, Lungs, . . .

Tlrt ' t lc admittance gir,.en by (6.25) is proport ional to r-a. This result is not
trivili. It means. for instance. that dividing the surface resistance at the surface
of it porous electrode by a factor of two rviil not doubie the current. Also the
cttt'l 'ent is not proportional to the electrolyte conductivity but is a power la.iv
of tltc' conductivitl'. As a result. the macroscopic response coefficient across a
fritr:tal interface is not proportional to the microscopic transport coefficients. A
po\v()I' larv depending on the geometrical hierarchy relates these factors. This
cotrc'iusion could have appiications in several systems found in nature or those
built to havc' large-surface porous structures.

Tite same kinds of propelties should be obseri,ecl in the stucil- of bulk and
mt'ttlbt'ane diffusion that exists in biological or physiological fractal systems. \Ve
trtltr. illrtsfrate tlte correspondenct: be[rveen the above study ancl the descriptiol
tlf tilc flux rtf a nt'trtlal spc'cies across a membrane rvhen the overall process is
lilrlirt'tl by the rlifhrsion florn a source at a constant concentration. Consicler.
t l t t '  t t t i t t i t t 'nurt icir l  l rroir l t 'nr of f inrl irrg the rlc response in the electrochernical cei l
o f  F i , l .  6 .3a.

Tltt '  poft ' t t t ials irc I '{ ;  on fht '  r 'ottt t tcl , ' l<'ct locle and V :0 on the eiectroclc
of i t t tcrcst.  ̂ {s n'r ' l l i t \ ' ( 'sec'r). t l t t ' r ' r1tt;r l i r ,ns to be solved are t lrr:  Lapiace equa-
l iott rt t lr l  f i rr '<'t t t ' rctrt t 'cluati t .rrr in t lr t ' lxr lk,rf thc c' lectrolvte rvith t |e bounc_lar.r '

Fi  g .  ( i .  8er .  t t .  Er l r r i v r r  l t , , r rc .c  l ) ( ' r \ \ . ( , ( ' r  r
s i l  l l l t '  l e 9 l l 1 t f ' t ' .  I I  {  ) l l c  f  ( , J ) l i l (  ( , s  ( I

: ; t r l l ( '  u r i l t l r t ' r r r i r t i c i i l  1 l r - r . r l r l e r u  i o r  r L

t l r t '  r ' l t ' r ' t l r r r l r '  p r . l r k r r r r  ; r u t l  t h c  r n c r r r b u r r r .  l ) f , l ) l . , l l l  i r r  t h c
l r r '  / . ,  i r v  l - .  D  l r r ' 1 , - 1 . l r r r i  I I ' i x .  r . * l  q r r t , g l r t ; r i r r s  t [ c
, l i t . r . t r  { t .o r r tc t r . t '

A V = 0 A  c = 0
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condition for the electrical current normal to the surface. Instead of an elec-
trochemical problem we imagine the problem of the transfer of neutral species
diffusing across a membrane of the same. geometry. Instead of a counterelectrode
as in Fig. 6.8a we imagine that some process maintains a constant concentra-
tion cs of the species of interest. This is the situation of Fig. 6.8b. We call @
the flu-x vector at point r. There are two flow processes in our system. First,
diffusion. which in a steady state obeys Fick's law,

Q :  - D V c ( r ) , (6.33)

where c is the concentration of the particles of interest and D is the diffusion
coefficient. as before. Together rvith the conservation larv

: -V,D (6 .34)

( o . J  / ,

0c
il

ot

this leads to the diffusion equation. which in a steady state is

A c : 0 .

Second" there is a transfer equation across the membrane.

(6 .35)

Q n :  - W c ( r ) , (6.36)

where trIl is the probabiiity per unit time. surface. and concentration of a par-
ticle crossing the membrane. In the last equation we have neglected a back
transfer. assuming that the concentration on the other side of the membrane
is maintained equal to zero by some forced flow mechanism (biood r:ircularion
for example in the case of lungs). Provided that rve replace <Dby J, cby V. D
by p-I, and I'V bv r-1, relations (6.33.35-36) are exactly equivalent to the clc
current and potential equation in the electrochemical cell. The same results do
then applr'. If ive define a rliffusion admittance Yp hy a linear relation betrveen
tire fotal flr-rx rtr7 and tlto concentration cs at the entrance of the svstem rve
can rvrite

Qr : Yoco

Notc that onc' shouid not confuse the steady-state diffusion regime that rvr:
sttrrll ' here ancl lhe so-callc'rl diffusion elcctrochemical regime th:rt rve havr:
<l is<:t tssecl  in Sect.  6.3. This last regimc' rvas t l te t ime-dependent response of t l re
electrocle in the special cast: rvltere the electric field is screened by the preserrce of
a large r:oncetttration of inert (int-lifferent) electrolvte. The equivalence thirt rvc
trse ltere' is betrveen a stearh'-state rliffusion t'eginre and the Laplacian respollse
of irn t ler:trocle rvith the sarne geollrott'1'.

Bv transposit ion of (6.30-:32) to t l te stearlv-state cl i f fusion caso <>nc r i l r tains
ir  l<- iu '-pr.r ' tneal; i i i tv regirnc rvi t l t  i r  <i i { f i rs ion i t<hnit tance. rvhir :h tr iv ial lv is
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Yrr: P(r1{.Sar'ry, (6.38)

(6.3e)

, (6.40)

(6 .41 )

and a high-mobility "fractal" regime with a diffusion admitta,nce equai to

yo : 12 2@r 
-2)/ (L-dr) D@r 

-2) / (dt -r)Wr/ @t -r)

Hcre also the macroscopic response is a power law of the transport coeffi-
cients D and trV. The value of the length ,4 is now A: D lW and the crossover
betn'('en the two reqimes occurs rvhen

A :  4 L l ( ; ( d i - 1 ) ,

'"vhich is when the perimeter of a cut of the fractal surface by a plane is equal
to the length .4.

Note that at crossover. the value of the membrane admittance needed is
equal to the value of the admittance to reach the surface. which. in d : 3 is
tvpic:rlly the (bulk) admittance of a cube of size L: YB : LD. Tlte statement
that. trt the crossover point. the value of the classical admittance of the fractal
metnlrrane is equal to the access resistance is very simple. It may then be of more
getteral value and may apply to many irreguiar geometries. T[at is probably
rvhl' the above consiclerations seem to applv to the "acinus" of several animals.
as <liscussed norv. trlthough their real geometry is not a simple fractal [0.0.7].

Tlte airlval's of ma.mrnalians nre macle of two successive systems. the
l;r'ottcltiai tree in rviiich oxvgen is transporteci rvith trir anrl the terminal alveolar
sl'stelll. called the ucirtus. in rvhich lhe air cloes not move. In the acinus the
trallsport of ox1'gen towarcls the alveolar rnemblane is purelv cliffusive. In this
svstc'tn tlte transpot't tnav br: linritcrl lroth lx' l,he (bulk) ciiffusion aclmittance
to rcit t : l t  the rnentlrt 'atte anrl t irr:  adrlr i t tani 'r ' rrct 'clerl  fbr the air of the membrane
its( ' l f  i ts given br'  (6.38.39). In (L - : l  t iu'  l l r i l i  i rr lmittance is equal to LD anrl
t l r t '  fo ta l  i r . r l r r r i t tar rc t '  is

Y r :  Q L D I - t  *  1 z - t ; - t

This adnrittance increases rvith the rlieimeter tr and large excharlgers shoulcl
t r iv ial lv l te l tet ter t :xchartgers. Brrt  thc ' 'best" exchange system shoulci  l le that
for u'itich it is not tltc' acinrirtancr: itself but thc rLrlnrittance per unit volume.
rts t l t t '  f  horax vol t t t t t t '  of  atr inrals is l inr i t i :c l .  The above r l iscussiorr inr l ic:r tes that
t l t t '  i r t l t t t i t f l r t t r :c '  1t t ' r  t t r t i t  vohrr l rc or spcr: i f i r ;  i r<lnr i l tanc,r . .  {ef i1ccl  1s Yr /L3 :
( lLD l - t  +yor ) - r  lL : t .  r ,a r ics  r rs  L ' t I  

- ' r  
tb r  snra i l  I  i rn r i  t rs  t -2  fb r  la rge  t r .  I f

f  i i t 'st t ' t t t ' t t t rc of t l t t ' i t l r .er i l i r t 'st t r t i rcc is ck'rrsr ' .  dy -  iJ i rn<l the specif i<:  ur lnr i t tan<;e
r[ocs rro[ <l<'pcnrl  orr  t l r t 's izr:  r . , f  r lu, f i . l r r : tal  lU) to f l rc r :r i t ical  s izr- :  <i isr :ussecl al tove
l l t t t  t l t ' t ' t 'e i tses rvi t l t  t l t t 'pon'et ' I -2.  Flont this <l iscrrssictrr  1 georpet lv iv i tS tr  r lense
(sl t i tcc t i l l ing rvi th r i7 '  :  iJ)  alrangcrn( ' l r t  of  alveolar sur. t i rce of smal ler s izr:  / .  u1r
t t i  r l  t l i i t l t r t ' tcr  I  sat ist ' r ' ing conri i t i r>n (6.-10) slrorr l t i  l re opt iprusr be<.:ruse lorver
Ioss t ' s  i t r  t i r t ' h ig^ i tc r  i r i l ' r v in 's  ask  tb r  t l r c  la rgc ' r  s iz t  conrpat ib lp  rv i t [  1 la rce
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specific admittance. In that sense the "best possibie acinus" size shouid be
that for which the perimeter of a cross section through the acinus should have
a length of the order of A. The physiological and anatomical data obtained
by E. Weibel [6.5-7] allorvs us to compare the above considerations rvith what
is observed in real lungs. The transport coefficients D and I,7 governing the
diffusion of oxygen in air and its capture by the alveolar membrane are known
and it seems that the value of A (a few cm) is indeed close to the perimeter
length of a cross section through the acinus for several animals such as the
mouse. the rat. the rabbit. and the human. Although discrepancies exist, the
general agreement can be considered as satisfactory if one takes into account
the oversimplified modei that is used [6.85].

It seems that these considerations can be extended to the gills of fish. in
which the geometry is regular. Because of the smalier diffusion coefficic.nt of
ox):gell in rvater. the value of ,,1 is of the order of a few tens of micrometers. The
size of the gills is comparable to that value. The gills generally have a regular
stlucture which corresponds to dS: 2 and not to dl :  S l6.8ZJ. In that case
tlre optimum value f.or L is equal to ,4, now of the order of tens of microns. as
obsen'ed.

6.7 Flactal Catalvsts

The prot;lem of hetcrogeneous reactions is of major importance in the chemical
inclustrv. The old \\'enzc.l's larv [6.88] states that. for heterogeneous reactions.
tlte largr:r the interface. the f'aster tlte reaction."This is lvhy in industrv ancl in
the kitchen one grinds fhc materiai in order to spc'ed up the reaction" [6.89].

If a r:ltc'rnical t'eaction is accelerated on the surface of a catalyst one shoulcl
llse J)()rolts cataivsts to increase the overall efficiency of the reaction. A num-
bt't ' ,tf rluestions urc r:riserl bv thc clvnarnics of these complex processes. Vert,
fi 'r 'clttcntlv catalvst rcactiotts cxhibit noninteger or<ler. Very often the activity
tlf ' tt t 'atitlvst folkrrvs iI p(.)\\(' l ' latv its il futrction of the size of the catalyst grain

[0. r;o -l- l]
Of cottrse catitlt 'sts i.u't' trot rtecc'ssarilt ' fractal. but thc iractal geometry gives

rr ltossili lt ' hitrt to tltr: urrrlc't 'stitncling of some part of the catalytic process in
spt'c'ifir ' (' i ls('s. On tlrt' otltt 't ' hitnrl. solttc vel'\i basic groivth mechanisms. such ns
r i t t t t lotu i rgg,- l ' ( 'gat i ()u ol  r i i l f l ts i r . rn l i t r r i t i r r l  i rggregat iou. l tu i lc l  a fractal  geonretrv
so  f  l i i t t  t i t t ' t ' x i s to t r< ' r 'o f ' ; r  f i ' i t c t : r l  i t s i> r ' c t  i t r  the 'gcomet r '1 '  o f  i r regu la r  rn i r te r i i r l s
( ' i l lutof  l i t ' t 'ot ts irk ' rcr l  i rs ( 'x( ' ( ' l ) t i ( )r I i r l  i6. : l l .  Sevelai  < ' i ralr tc ls cl f  this bclol i  <l isc:rrss
t l rc gron' t i r  o1'  f rrrr ' f : t l  o l t . jccts.

St ' r ' t - t ' i r l  I ) ; l l ) ( ' rs l t i t r t  l r t ' r ' t t  prr l r l is l r t '< l  otr  f lx '  r t  l i r l i t>u l lctn 'r 'err  hc' tcnlgerrt 'orrs
t ' t ' r t c ' r i t . r t t s  ru t< l  f i ' r t< ' t i r l i t r ' ( sc t ' l t j . . \9  9 -1 ]  ; t t t r l  rc fc rc 'n t ' r ' s  thc re iu ) .  \ \ i ' p lcsent  hcr t '
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a few simple ideas on that matter. In many cases the catalytic activity A of a
catalyst particie of size .L obeys a power law

A -  L d ^ , (6.42)
where d6 is called the reaction dimension. vaiues of. d,p ranging from 0.2 to
5.8 have been quoted. but in practice they range from 1 to : [o.dr,g2]. A very
simple rvay to interpret d6 is the notion of active sites. This idea stresses that
on a given surface only specific sites are active for catalysis. Suppose that the
grain shape is cubic but only the corners of the cube are active for catalysis.
Then two grains of different sizes have the same number of active sites and
d n  : 0 .

If the active sites are located on the edges of the cube the activity is propor-
tional to I and dn = 1. If the faces of the cube are active, dn : Z. Experimental
values of dp { 2 may indicate that only a fractal subset of the surface is active.
Experimental values of dp ) 2 may indicate that the cataiyst itself has a fractal
geometry.

If all sites are active then the activity is proportional to the mass. A - Ldr
ancl d1 - dp. These ideas apply if the reactants are present u,,rurriy-on the
catalytic sites. i.e.. if the diffusion of reacting species from the source of reactant
to the active surface is infinitely fast.

This may not be true and there are many situations where the diffusion of
reactants to the active surface (or its active sites) is too slow and so controls
thc reaction kinetics. Such a process is callecl an Eley-Rideal mechanism. A
third situation exists where the tlvo reactants are on the surface and have to
meet after diffusion onto thc' surfar:e to ioirr:t. This last mechanism is called
the Langmuir-Hirrshelrvood mcc:hanisnr. Ir has specific properties on fractal
catalysts. For exampie. segregation of rcirr:fants may appear. This is discussed
in [6 .8e] .

Our purpose here is onlv to show that the results we have described for diffu-
sion to membranes can be transposed to the case of the Eley-Rideai mechanism
ibr ireterogeneous catal-vsis [6.95]. Consicler for instance a gas-solicl catalysis in
thc simple case of the reaction

A +  B - -  A B .

N,r.urllf in a hornogeneous ph.se the reactio' rate is

(6 .43)

(6.44)
gLgl : KtAlBt.

tL t

Itt sttch ir case the reaction relte is tlirectly proportional to the first power of
f llt ' t:tlncentration (or pt'essurt:) of .-i ancl B. The sunr r>f these exponents is 2
Ittttl tlte reaction is saicl fo be seconrl .rr<ler. It, is observed that o lorg" num-
lrt'r 'rf l letcrogertcotts leitcfions fbllorv fractional-orrler. kinetics uncler rlifferent
0xPt'rittlt 'trrirl t:r:tttl it itlns. \\i ' sirorv lrerc tha.f f lxr rrltove diff'sion scireme gives
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rise to that resuit. Let us consider a case where the efficient reaction proc€ss
takes place on the surface after adsorption of B atoms. The first step ior the
reaction is then

from which the reaction

follows. If the chemical reaction is slow. as in the case of a poor catalyst, the
diffusion from the exterior to the walls of the catalysr is accomplishdd by a
small concentration gradient. and the concentration throughout is nearly the
same as the external concentration. Fast reactions. horvever, may take place in
the pores very near the exterior, and the internal pore surfaces contribuie little.
If the activity of the entire surface of the catalyst is compared (if diffusion were
infinitely rapid). it is usual for the effectiveness of a poor catalyst to be high
and that of an excellent catalyst to be low. Diffusion into the pores invoives a
decrease in the concentration of the diffusing reactants. and the concentration
effective in promoting the chemical reaction at the active sites is everywhere
less than if diflusion were not involved. The catalyst. therefore, is less effective
than if all the surface r,vere in contact with the reactants at the concentrations
maintained in the external or ambient fluid. This loss of catalyst effectiveness
due to diffusion is the subject of very many publications.

In general. diflusion rvithin the pores may be ordinary molecular diffusion.
Iitluclsen diffusion. surface diffusion. or a combination of all three. We restrict
ourselves here to the consideration of molecular cliffusion and we discuss in
solne detail the equations rvhich clescribe the population of adsorbed B atoms
[8"a.]' Without chemical reaction the surface concentration varies bv aclsorp-
tion of Inolecules from the gas and <lesorption from the surface. and tire rate of
irbsorption is equnl to the net flux

Bgu" t 8.d.,

,4su, +Bads + ABgu"

(6.45)

(6.46)

ry : Q,(B) : w,t [Bg""l - wp[Boa.],

$'ltet'e [8s""] is the local partirtl t:oncenlration or partial pressure near t1e sur.-
fh<'t' anrl I '1",1 itn<l I' l 'p trre tlte proi>ability per unit time for adsorption arrrl
tlc'sot'irti<;tt. In thc' citse wltc't'e rc'action (6.16) takes placc' there is an aclcliti ' ',rl
t icct ' t ' i ts<'r lue to f  he rcact ion late l>roport iorur l  to [A] and to [E}"a"] .  Cgnseqlel t lv

q#: rr r[Bg,,"J -r,r:[ ',,a"] - ris[.4][8".r,], (6 . - i8)

tvlit 're 1fe is tlre rcitt:tiotr t'or:ffir' i<'nt. The stearlv-state local r:orrc:entl..tir>lr orr
f  l r t '  srrr f t rcc is

(6 .47 )

[8", t , , ]  :
I ' l ' I  IB* , , . ]

(6. , le)
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The net flux (6.47) to the surface is simply

a_(B\ _ WeKslAl[Be"]
' ' \  '  WD+Ks lA l

Tlris equation is analogous to (6.36) if we replace w by wAKs[A]/(wo +
K slAl).The catalytic probiem is then exactly identical to the rnembrane prob-
lem rvith the same geometry. A self-affine Sierpinski geometry could be a model
for a porous catalyst with hierarchical pore structure on which the reactants are
ke1>t at a constant concentration at the entry ofthe pores. One can then use rela-
tion (6.16) or its equivalent for diffusion. which is Yo - a[z-n) trQn-t) DQ-dWn.
If a given partial pressure [B]"*t of B exists outside the porous system. the net
pro<luction of AB is the total flux

ry * oQ-n) trer-t) DL-, ( )' [u].., (6 .51a)
wAK s[A]

Wo * KsIA]

Note that this "fractal" speed of reaction is not a linear function of the mi-
croscopic sticking probabiiity IUa. Note also that D is the diffusion coefficient
of B in A. If B is diluted in A, D is for normal pressures inversely propor-
tional to the concenttation or pressure of ,4. Finally, the rate of reaction will
be proportional to

(6.50)

l\/p * Ks[A]

q

[B]"*t . (6 .51b)

!\ir have tltus presctttr:rl a ntorlcl of ;l r';rrirl.r.tic reaction on a fractal surface
witlr ir nonintegel reacriorr rare. If II:11 ,.- t;s[Aj (high pressure) the reaction
trr<lcr is ry' If II'o ) 1(.s[.4] (lorv prcssru'c) tirc leaction order is Zr1. The speed of
reat:tion is a nonirrtcg-el' l)owcr-lalv function of the parameters ,L and a0 which
tlt'st:ribt: llrt: m:tct'oscopic sizes of the catalvst grain. Although the nioclifiecl
Sit'rlrirlski grumr:trv is altifi<:ial. it brings to light the idea that reaction orcler
ittttl re:rction rlitnensiott t:ottld be rc.laterl tlrrough simple relations i' specific
Cil.s( 's.

For a sclf-sirnilirr c'atith'st rlttt ' rvoultl triso finrl ir noninteger orrler of reaction
l l r t  t l te teat: l iotr  <l i t t rensiott  rv i l l  l re eqrral  fo 2 f ionr (O.Jg).  Frr react ions an<l
f t ' ; t r rsport  on fract i i is.  see rr lso Chirp. 3.

d[AB]
dt

-  o Q - d  7 Q n - r ) t / ] t - ,  (
w.4K slAl
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6.8 Summary

This chapter has briefly presented whd,t was known at the end of 1994 about
two different but partiaily related problems: the relation between fra,ctality and
the response of irregular electrodes, and the generai question of the response
of irregular interfaces to Laplacian fields. As these problems have been the
subject of several conflicting (or apparently conflicting) results it Seems useful
to discuss the actual situation.

Let us first consider this situation from the point of view of electrochem-
istry. Tlte first probiem itself can be considered in two ways: First, do,fractal
electrocles exhibit CPA behavior and how? As we have seen, fractality will gen-
erally lead to CPA and the answer to the first part is "yes" and this can be
considered as sufficientlv documented.

The second. different way is to ask: to what extent can experimental CPA
behavior of rough or irregular electrodes be related to fractality? The answer
to this question depends on the system. As we have mentioned. a suitable
clistribution of microscopic parameters could also explain (and contribute to)
CPA. In tr discussion of porous platinum electrodes. T. Pajkossy has shown that
in this specific case microscopic effects are really the source of CPA behavior.
Generallv speaking. there exist two main objections to fractality as a general
explanation for CPA:

1. Fractality leads to Cole-Davidson [6.96] behavior (of the form y(c,,,) -
(I+ jlur)a as inclicated from relation (6.25a)), rvhereas experimental CPA
arc often of the Cole-Cole form Y(ar) - 1 * (j^frr)n.

2. The frequency range of experimental CPA is often very large. exceeding
blre range (LlQ{dt -r) that one can expect.

Also. fractai CPA can holcl only for ob.jects in which the length lA(r)l : 7/p1u
is larger than the smaller cut-off ancl smaller than the perimeter. This condition
will rrot l-le met for rough electrorles (with irregularities in the 10 micron range)
itt concctttrated liquicl elc'ctrolytes. In contrast. this condition is met for larger
elec::tt'orlc's rvith irrcgtrlzrlitics on the 'm'm or cm range t>r in solid electrolytes
(rvhere p is smallcr).

Tlrc r:ottc'ltrsion is that geomr:trical frar:lalitv although leading to CPA <:a1-
llot l)c ttsetl excltsivelv as thc "gencl'al" expianation fbr experimental CPA
rvit lr<itt t  cltcckittg for thc ir lxrve pirvsical r:ourl i t ions. One should also re<:al l  f  hat
flrc'r<' cxist set'erll t'lectlor:hcmical regiurcs (cliffusion * faraclaic or rliffirsion *
lesisrivt' rts rlisc:ussr:<l iu [C;.iS] tt;r' Sicrl>irrski electrocics) for whic]r no gcn<,r'al
1>t'r '<l i t ' t ion cxists for sclf-sirrt i lat '  clectrorlcs. Als<>. in the real rvorlcl botlr rnicltr
st'opi<: ittttl geornetriciLl lIIil(:l'os('oJ)ir: effccts rviil lrroba[]1r 1.wicf sirnrrlta,rrcouslr'.
(Tlr is rvits t l te <:i tse irt  t lrc expcriux)nts r lescrri l ; t ,r l  in [6. i- l .76].) For this verv rca-
solr. ( '- \J)() l tcttt ,s i tkrtrc irt ' ( ' t tot sttf f ir : ic ' trt  to irscortain a ira<:tal rno<lel. Onc slrr-,rr l t l
cl tr '<' l i  t l t t '  r 'otrtpirt i l r lv of r i t t '  tnr. irsttrt ' t t tcrrts rvit ir  relrrt ions (6.26-28).
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Even more important for the future a"re the simple resuits that we have ob-
tained on the general question of the response of irregular interfaces to Lapla-
cian fields. There are three main results:

i' It is possible to find the (linear) response of an irreguiar interface from its
image through an appropriate coarse_graining process.

2' It is a reasonable approximation to consider that there exists a homoge.
neously active zone and a totaily passive zone [6.6g,g3,g4]. In this simpli_
flying approximation it is possible to deal simpiy with nonlinear responses
[6.6e].

3' The semiquantitative agreement between the anatomical and physioiogical
clata and the expressions that we predict for the ,,best porriui" acinus,,
seems to indicate that the design for the oxygen exchanger in the lung
of several animals is optimized. The statemeni thot fo1- the optimized sit-
uation the value of the classical admittance of the fractal membrane is
equal to the access admittance is very simple. It may thus apply to many
situations rvhich are not ,,simply" fractal.

This brings out the idea of a "perfect exchanger,, or ,,smart filter,,. one shourd
note that the lu'g is a simple gas exchanger in the iense that only two gases
zrre c:xchanged. oxygen and carbon dioxide. (They have approximately the same
/') If one considers the transfer of several species with very different transport
pa'ratrreters. the simultaneous optimization of the transfei should imply that
diffcrent -zls shoulrl correspon(l to the same morphology. This cannot be real-
ize<l lrv an homogeneous tnentbrane. An optimir",l fro.iol multi-species filter or
excltittrger tnentbr:rtte svstem r:otil<l ncvr.r'thciess be realized by a suitable dis-
trililtrion of spec'ific' polos (pernu'irl;lc, t, spccific species) on the membrane. In
tltitf setrse it is Prtssiblc lltat tltc' rnicrrr,qt'orrrctry of the distribution of specific
<:ells (or <>f r:clls rvitli ac:tivr: transf'cr') in inhonrogeneous membranes permits theoPtitttizatiotr of the transfct' of ver'1' <liffclr:nt species in the same organ. These
ttotiotrs cottlrl Possibiv learl fo a lletter unclerstancling of the nrorplllogy and
J;hysi.l,gr' 'f c:ourpl.x exchangcrs or filtcrs such as th"e kiclnev.

References

(; '1 B'B' \ I i r"rr<ielb|ot: Ti ir :  Frut ' to.L Gt:ont.t ; tr t1 . f  No.ture (Frcernan. Sarr Frarrcisco 1g32){t.2 . I .  Fcrlcr: Frur:tol.s (Plcrrrrrrr.  Nes, \ 'ork lggi)

1l 
'J B. Sapor,:r l :  Fntr: tals (.{r l i tcch. paris 1g9{))

( t . - l  NL R, t l r ig r rcz .  s .  Br r r .  . \ .  F .v r r : .  E .R. .  wc ibc l :  Ar r r .  . I .  Ara t .  rEo.  143 (19g7)( ; . i  B .  H; rc i f l i -B lc r re r .  E .R.  \ \ . i r ibc l :  . \ r ra t .  Rccord  ZZO.  +OLi i f leS l(; ; .( ;  E.R. \ \?ibej.  in: R.csTti .rrt , tr tr .y ph.ysi.Loq11, u.n. Arralyt irn.L' ipprnorn. erl .  5y H.I i .  cSeLug.\1 .  Pa i r . ; r  (Dckker .  Basr : l  lg8 l ) ) .  p .  I
( i ' ;  E'R' \Vcibel :  iu-_Fntctt i ls rr. t  Bi, i l , tr lu tmd Jled.icnrr:.  cr l .  l rr ' - f .F. Norrrrcrrrrr:rclrcr. G.A.L t . ,s i r  i r r r r l  E .R.  Hr r l i r r  (B i rk l r i i r rser .  B : rsc l .  lgg . t ) .  n . ( j f i



6 tansport Across Irregular Interfaces 2Sg

6'8 F' Hall6, R'A.A. Oldeman, P.B. Tomlinson: Tlopical Tlees and, Forcsts (Springer, New
York 1978)

6'9 S.W. Benson: The Foundation of Chemical Kinetics (McGraw-Hill, New york 1960);
A.w. Adamson: Physicar chernistry of surfaces (wirey, New york issz)

6.10 R. Bail. M. Blunt: J. phys. A: Math. Gen.21, fSZ lfSr-SS)6.11 J.B. Bates, y.T. Chu: Solid State Ionics 28_BO, 13gb (1gbS)
6.12 J.B. Bates, J.c. wang, y.T. chu: soiid State Ionics tb/1g, roas (19g6)
6.13 J.B.  Bates,  Y.T.  chu,  w.T.  sr r ib l ing:  phys.  Rev.  Let t .  60,7,622 i19sd)6.L4 R. Blender. W. Dieterich, T'. I{irchhoff, B. Sarpoval: J. Phys. A: Math. Gen. 23,, 1225(  ieeO)
6.15 M. Blunt: .I. Phys. A 22. IIT} (1939)
6'16 E. Chassaing, B. Sapoval. G. Daccord, R. Lenormand: J. Electroanal. Chem. zTg, 6T

(1990) ,
6.17 Y.T. Chu: Solid State Ionics 23. 2S3 (1987)
6.18 Y.T. Chu: Solid State Ionics 26. 299 (1988)
6.19 L. Fruchter. G. crepy, A. Le M6haut6: J. power sources 1g,51 (19g6)
6.20 w. Geertsma. J.E. Gols, L. pietronero: physica A 1b8, 691 (1gg'g)
6.2L w. Geertsma, J.E. Gors: J. phys. c: condens. Matter L,446)9 (rg'gg)
6.22 P.G. de Gennes: C.R. Acad. Sci. (paris) 298, 1061 (19g2)
6'23 L.J. Gray, S.H. Liu, T. Kaplan. in: Scaling Phenomena in Disord,ered Systems, ed. by

R. Pynn, A. Skjeltorp (Plenum, New york 1gg5)
6.24 T.C.  Halsey:  Phys.  Rev.  A 3b.  3512 (1982)
6.25 T.C. Haisey: Phys. Rev. A 36. 5877 (1987)
6.26 R.N,L Hil l. L.A. Dissado: Soiid State Ionics 26. 2gS (19SS)
6.27 T.  Ktrp lan,  L.J .  Gray:  Phys.  Rev.  B 32.  11,2360 (19g5)
6.28 T.  Kaplan,  S.H.  L iu.  L.J .  Gray:  Phys.  Rev.  B 94,  .1g20 (1986)
6.29 T.  Kaplan.  L. . I .  Gray,  S.H.  L iu:  Phys.  Rev.  B gb,  S37g (1997)
6.30 lt{. Keddanr, H. Takenouti: c.R. Acad. Sci. (paris) 3o2 s6r. II, 291 (1986)
6.31 M. I{eddarn. H. Takenouti: Electrochim. Acta 33, .145 (1988) and 40th I.S.E. Meeting,

Kyoto, Japan (1989) Ext. Abst. d2, 1183
6-32 M. I{eddam. H. Takenouti, in: Fractal Aspects of Materials. ed. by R.B. Leibowitz,

B.B. Mandeibrot, D.E. Passoja (Material Research Society, Pittsbuigh 1985), p.89
6.33 A. Le N{6haut6: Electrochim. Acta 34, 4, S9I (1989)
6.;14 A. Le M6hautd, G. Cr6py: Solid State Ionics g/1O, 17 (1983)
6.35 A. Le N,f6haut6. G. crepy, A. Hurd, D. schaefer, J. wilcoxon, s. spooner: c.R. Acad.

Sc.  (Par is)  3o4.  491 (1987)
6.:16 A. Le M6haut6. A. Dugast: J. Power Sources g. 35 (19g3)
6.37 R.  de Levie:  ,J .  E lcct roanal .  Chenr.  26L.  I  ( lg8g)
6.38 S.H.  L iu:  Phvs.  R,ev.  Let t .  55.  , . - l29 (1985)
6.;Jg S.H. Liu. T. Kitpl:rn. L.'.J. Gray, in: Fractals in Physics, ed by L. Pietronero. E. Tossati

(North-Hollarrd. Arusterdaru 1986), p. :3811
6. .10 S.H.  L iu.  T.  Kerpla ' .  L . .1.  Gray:  Sol i r i  State Ionics 1g/19,  65 (19g6)
6.41 E.T. N{cAclarrrs: Srrrface Topography 2. IOT (1989)
6.12 A.  \ {ar i tarr .  A.L.  Ste l la .  F.  Toigo:  Phys.  Rev.  B 40.  9267 (1989)
6..1;l .A..i\I. Marvin. F. Toigo. A. lvlarritan: Surf. Sci. 2'J,L/2L2. SBZ (LSAS\
(i.44 W.H. N,Irrl<ler. .I. H. Slu-"-ters: Electrochirrr. Acta gg. 303 (1ggg)

V 0.1.-.r L. Nvikos. T. Pajkossl': Electrocirirrr. Acta gO, lb33 (1995)
v j jq L. Nr.ikos. 'f. Pajkossr': Electrochirrr. Acta 91, l34Z (1996)

Ql, L. Nr"ikos. T. P:r.ikossr': Elcctrochirn. Acta gS. 1S67 (1990)
{ i . - l lJ  ' f .  P: r jkossr ' ,  L .  Nvikos:  .1 .  Elcct rochern.  Soc.  lgg.  2061 ( l9g6)

@ T.  P;r i l<ossv.  L.  Ni . ikos:  Electrochi r r r .  Acta g4.  LT7 (19g9)
GD 

- f .  
P;L. jkossy.  L.  Nvikos:  Electrochi r r r .  . \c ta 94.  f81 i fgAgt

{ i . i l  T .  P i i . j koss ' r ' : , 1 .  E l cc t ro i r r ra " l .  C l r cn r .3OO.  I  ( l g1 ) l )
( t . ;2  B.  Si rpoval :  Sol i< l  Statc Iorr ics 23.  21 '13 (1987)
(i.5ll B. Sapov;rl: Fnt.r:tal ,1spct:ts of lt ' lo.tuials, Disortlered Systuns (Nlaterials Researcir So-

c ic t r ' .  P i t tsbrr rg l r  1987).  p.  ( i6



Bernard Saooval

I 11 B. Sapoval, J.-N. chazalviel, J. Peyribre: Solid state lonics 28-so, 1441 (19gg)
6-55 B. Sapoval, J.-N. Chazalviel, J. Peyriere: Phys. Rev. A 38, 5867 (1g8S) and references

therein
6.56 B. Sapoval: Acta Stereologica 6/III, 785 (1987)
q.57 B. Sapoval. E. Chassaing: Physica A L57,610 (1989)
q ry J.C. Wang, J.B. Bates: Solid State Ionics 18/19,224 (1986)
6.59 J.C. Wang: J. Electrochem. Soc, 134, 19lb (1987)
6.60 J.C. Wang: Solid State Ionics 28-3O, 143 (1988)
6.6i w. scheider: J. Phys. chem. 79, L27 (1925) and references therein
6.62 R.  de Levie,  Electrochim. Acta 8.  751 ( i953) ;  10.  113 (1965)
6.63 R.D.  Armstrong,  R.A.  Burnham: J.  Electroanal .  chem. T2.2sr  (1926)
6.64 P.H. Bottelberghs. in: Solid Electrolytes, erl. by P. Hlgenuruller, W. Van Gool (Aca-

demic, New York 1978)
P.H. Bottelberghs, H. Erkeiens, L. Louwerse, G.H.J. Broers: J. Appl. Electrochem. 5.
165 (1975); P.H. Bottelberghs. G.H.J. Broers: J. Electroanai. chem. 67, 155 (i926)
J.R. Macdonald: J. Appl. Phys. 58. 195s (198s); J. Appl. phys. 62, R51 (19s2) and
references therein
T. Pajkossy: J. Electroanal. Chem. 3G4, 111 (19S{)
C. Tricot: Phys. Lett. AL14, 430 (1936)
B. Sapoval: Solid State Ionics 75, 269 (1995)
B. Sapoval: J. Electrochem. soc. L37.144c (igg0); Extended Abstract, spring Meeting
of the Electrochemical Society, Pennington Igg0, p.TT2
P. Meakin. B. Sapoval: Phys. Rev. A 49, 2893 (1991)
N.G. Makarov: Proc. London Math. Soc. 51, 369 (1985)
R.P. wool. J.ivI. Long: Macromolecules: 26. s22T (rgg3); R.p. wool: structure and.
Strength of Polymer Interfaces (Hanser publ. 1994). In these references the number ,S
is used to describe the relative irregularity of fractal "diffusion front"
B. Sapoval. R. Gutfraind. P. Meakin, M. Keddam, H. Takenouti: phys. Rev. E 4g.
3333 (1ee3)
w.H. Muider. J.H. sluyters. T. Pajkossy and L. Nyikos: .I. Electroanal. chem. 2gb.
103 (1ee0)
E. Clrirssaing. B. Sapoval: J. Elcctrocirern. Soc. L4L.27IL (lgg4)
G. Daccord.  R.  Lcnorrr rarr r l :  Natr r rc  (Lont l r>rr )  325.  4 i  ( lg8Z)
T.c Halsey, \4. Liebig: Europhl's. Lctt. 1-1. 815 (1991) ancl phys. Rev. A 4g, TogT
( 1 9 9 1 )

6.79 R.C. B.rll: in Surfact: Di,sorrlcrinq. Groutt.lt. llortqhr:ning awl. Phase Transitions. ed. bv
R. .Iulierr. P. iVleaki.. D. wolf (Nova scicficc prrblisher, 19g3). o.277

6.80 T.C Haisel 'anr l  I tL  L icb ig:  Annals Phys.  219.  109 (1992)

,!d IvI. Liebig, T.C Halser': ,I. Electroarrai. Chem. 388. Z7 (1993)
[.!.t.8" H. Ruiz-Estltula. R. Blerxlcr arrd W. Dicterich: to be published in ,J. Phys.: Condens.

Nl:r.tter ( 199-l )
B. Sapoval: in Surfarx: Disordering, Grouth, Roughening arul Phase Transitions, ed,.
by R. .lulierr. P. N{eaki.. D. !V<-rlf (Nova science Publisher. 1993). o.2g5
R. Gutfrainri. B. Sap<-rval: .I. Physiquc I 3 1801 (1993)
B. sapoval in Fract.als in B'iology and Me,dicine. ed. by T.F. Nonnenmacher, G.A. Losa
and E.R. Hrrl in (Birkhiirrser. Bnscl. 1994) , p.24L

6.lt6 R. Gutti:rirtd, B. Sapoval: in Fntctals zn Biology antl Medicine, ed. by T.F. Nonnen-
macher. G.A. Losa anti E.R. Hulin (Birkh:iuser. Basel. lg94), p.2SL

{j. l ' t7 A. Beaumont. P. Cassier: Biologi.e. Anzmale (Dunorl Universit6, paris. 1928), p.443(i.,stt c.F. wenzel: Lehrr: uon der vc:rutandtschoft der K|rper (Dresden. 1777)
(i. l i f) R. I{opclnrarr. in: Thr: Frnr:taL ApTtrooch Lo Heteroqeneous Cltemistry, er|.5y D. Avnir

(Wilcy, Nerv Yolk i989), p. 291-r arrrl references thcrein
(t.tx) P. Pt-cift 'er. D. Avnir. D. F:rrin: ,I. Stat. Ph1's. 36. 199 (1984)
( i . { ) l  D .  Fa r i r r .  D . . \ v r r i r : . J .  A r r r .  C } re rn .  Soc .  11O.2039  (1988 )
( i . l i l  D.  F: r r i r r .  D.  .A,vni r :  . I .  Phvs.  Chcnr.  91.  i r l - r17 (19S7)
(i.l):l D. Firrin. D. .\r'uir. :r^t: Tlt.c Frtt.r:trtl ATtprrxtclL to Hctt:r'otlent:ous Clutni.stru. cd. bv D.

.{,r 'rrir '  lWilc}.. Ncrv \brk lgtl{)). p. 271 arr<l refercrrccs thcrcirr

260

o . o b

v 6.66

\l@
v 6.68

6 .69
6.70

O . r - L

6.72
O . i J

o.  / - r

O . r i )

D . r t )

6 .77
6 .78

{i.8:l

6 .n4
(i.tt5



6 .94

o . v D

b .Y f )

6 tansport Across Irregular Interfaces ZOI

D. Avnir, R. Gutfraind and D. Farin: in FractaLs in science, ed. by A. Bunde and s.
Havlin (Springer-Veriag, 1994), chap. 8
B. Sapoval: C.R. Acad. Sci. (Paris) 312, 56r. II, 5gg (1991)
D.W. Davidson and R.H. Cole: J. Chem. Phys. 19, 1434 (1951)


